This paper obtains soliton solutions to nonlinear directional couplers in optical metamaterials by the aid of trial function method. Three types of couplers are studied. Four forms of nonlinearity are considered. Bright, dark, and singular soliton solutions are retrieved. These soliton solutions appear with certain constraint conditions that guarantee their existence.
Introduction
Optical solitons are key elements in fiber-optic communication across trans-continental and trans-oceanic distances [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . The dynamics of these soliton molecules are present in various optical devices such as optical fibers, crystals, metamaterials and metasurfaces, DWDM systems, couplers, magneto-optic waveguides and several others. This paper will address these solitons propagating through couplers that are with optical metamaterials. The purpose of this paper is to extract exact soliton solutions in such couplers. There are several integration schemes that are utilized these days to secure soliton solutions in such variety of optical devices. These vary from the Riccati equation method, the Lie symmetry analysis, inverse scattering tranform (IST), the Kudryashov method, tanh-coth method, G /G-expansion scheme and several others. It must be noted that not all of these schemes are equally powerful. For example, besides IST all the remaining methods fail to retrieve soliton radiation. But on the other hand IST turns out to be an epic failure with power-law, dual-power law, log-law and various other laws of nonlinearity. Thus, all of the integration schemes stand on an equal footing to retrieve soliton solutions to nonlinear evolution equations (NLEEs). This paper will adopt trial equation scheme to secure bright, dark and singular soliton solutions in couplers. This problem has been, however, studied in the past using the method of undetermined coefficients [19] . There are three types of couplers studied in this paper. Each of these couplers are with four forms of nonlinearity. They are Kerr law, power law, parabolic law and dual-power law. The subsequent section recapitulates the integration * corresponding author; e-mail: biswas.anjan@gmail.com scheme in a succinct manner followed by its detailed application to obtain the soliton solutions. These solutions come with restrictive conditions known as constraints, for their existence, and these are also presented.
Trial solution method (a brief overview)
In this section we outline the main steps of the trial equation method as following [6] :
Step-1: We consider the following NLEE for a function u of two independent real variables, space x and time t: P (u, u t , u x , u tt , u xx , u xt , . . .) = 0.
(1) With traveling wave hypothesis u(x, t) = u(ξ), ξ = k(x − ct),
where k, c are constants to be determined, we reduce Eq. (1) to a nonlinear ordinary differential equation of the form:
F (u, u , u , . . .) = 0,
where the prime denotes the derivative d dξ .
Step-2: Take the trial equation
where s and a l are constants to be determined. Substituting Eq. (4) and other derivative terms such as u or u and so on into Eq. (3) yields a polynomial G(u) of u.
According to the balance principle we can determine the value of s. Setting the coefficients of G(u) to zero, we get a system of algebraic equations. Solving this system, we shall determine c, k and values of a 0 , a 1 , . . . , a s .
Step-3: Rewrite Eq. (4) by the integral form
Based on structure of the polynomial, we classify the roots of F (u), and solve the integral equation (5). Thus we obtain the exact solutions to Eq. (1).
(1399)
Twin core couplers
The governing system of equations for twin-core couplers in optical metamaterials is given by [19, 20] :
To study the integrability aspects of the governing equations for directional couplers, the following solution structure is taken into consideration:
where the wave variable ξ is given by ξ = k(x − vt).
(10) Here, P l (ξ)(l = 1, 2) represents the amplitude component of the soliton solutions and v is the speed of the soliton, while the phase component Φ(x, t) is defined as
where κ is the frequency of the solitons, while ω represents the wave number, and θ is the phase constant. Substituting (8) and (9) into (6) and (7) and then decomposing into real and imaginary parts gives
and
respectively. Here,l = 3−l with l = 1, 2. From the imaginary part Eq. (13), it is possible to obtain the speed of the soliton in each of the waveguide as
whenever 3ξ l + η l − ζ l = 0 (15) holds. Now, equating the two values of the soliton speed (14) leads to
Consequently, the speed is rewritten as
the coupled NLSE (6)-(7) becomes
and the corresponding modified real part takes the form 
In the following subsections, this equation will be studied for four different types of nonlinearity.
3.1. Kerr law For the Kerr law nonlinearity, F (s) = b s. The model Eqs. (18) and (19) , for twin-core couplers with Kerr law [19, 20] nonlinearity, reduces to
and Eq. (22) becomes ak
Balancing P l with P 3 l in Eq. (25), then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
Solving the above system of algebraic equations, we obtain the following results:
Substituting these results into Eqs. (4) and (5), we get
where α 0 is an arbitrary real constant. Now, we discuss two cases as follows: Case-1: If we set α 0 = 0 in Eq. (33) and integrate with respect to P l , we get bright soliton solutions as:
r(x, t) = ±B 2 sech(C 2 ) e i Φ .
(35) These solutions are valid for a aκ
(37) Alternatively, we recover singular solitons
r(x, t) = ±B 2 csch(C 2 ) e i Φ .
(39) These solutions are valid for a aκ
In the above case we put:
, and Φ = (−κx + ωt + θ) everywhere in this paper.
Case-2: If we set α 0 = − (aκ
(33) and integrating with respect to P l , we get dark solitons
or a second form of singular solitons
(47) In the above case we put:
Power law
For power law nonlinear media, F (s) = b s n where n represents the power law nonlinearity factor. The model Eqs. (18) and (19) , for twin-core couplers with power law nonlinearity, reduces to [19] 
To obtain the analytic solution, the transformations
are applied in Eq. (50) and give
(52) Then, in order to obtain closed-form solutions, we use the transformation
(54), then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
(59) Solving the above system of algebraic equations, we obtain the following results:
Integrating (61) with respect to U l , we obtain bright solitons
(63) These solutions exist for
(65) The singular solitons are given by
(67) These exist whenever
(69) In the above case we put:
Parabolic law
For parabolic law nonlinear media, F (s) = b s 2 + c s 4 . The model Eqs. (18) and (19) , for twin-core couplers with parabolic law nonlinearity, reduces to [19] :
(71) and Eq. (22) becomes (74), then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
(80) Solving the above system of algebraic equations, we obtain the following results:
where α 1 is an arbitrary real constant. If we set α 1 = 0 in Eq. (82) and integrating with respect to U l , we obtain bright solitons
These solitons exist with constraints a aκ
These existence criteria is a aκ
(88) In the above case we put: (18) and (19) , for twin-core couplers with dual power law nonlinearity, reduces to [19] :
Dual power law
are applied in Eq. (92) and give
(94) Then, in order to obtain closed-form solutions, we use the transformation
(95) so that (94) transforms to
(96), then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
Integrating (103) with respect to U l , we obtain bright solitons
r(x, t) = 2n 2(n + 1) (
These stay valid when a aκ
(107) The singular solitons are given by
They exist when a aκ
(111) In the above case we put:
Multiple-core couplers (coupling with nearest neighbors)
The system describing the dynamics of multiple-core couplers is given by [19] i q
where 1 ≤ l ≤ N . Equation (112) represents the general model for optical couplers where coupling with nearest neighbors is considered. Here, K is, as before, the coupling coefficient. In order to address this model for the five forms of nonlinear media, the initial hypothesis is taken to be
where P l (x, t) is the amplitude component of the soliton, which carries the same definition as in (8) or (9) . After substituting the initial guess (113) into (112), the resulting expression is split into real and imaginary elements. The imaginary part allows one to calculate the speed of the soliton as
as was the case for twin couplers. Notice that this speed of the soliton stays the same irrespective of the type of nonlinearity and type of soliton to be considered. Now, for the real part portion, one gets
Using the balancing principle leads to 
(118) In the following subsections, this equation will be studied for four different types of nonlinearity.
Kerr law
For the Kerr law nonlinearity, F (s) = b s. Eq. (112), for multiple-core couplers (coupling with nearest neighbors) with the Kerr law nonlinearity, reduces to [19] :
and Eq. (118) becomes
Balancing P l with P 3 l in Eq. (120), then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
(126) Solving the above system of algebraic equations, we obtain the following results:
(127) Substituting these results into Eqs. (4) and (5), we get
where α 0 is an arbitrary real constant. Now, we discuss two cases as follows: Case-1: If we set α 0 = 0 in Eq. (128) and integrating with respect to P l , we obtain bright solitons
) This will be valid for
Case-2: If we set
(128) and integrating with respect to P l , we get dark solitons
or singular solitons of second type
Power law
For power law nonlinear media, F (s) = b s n where n represents the power law nonlinearity factor. The model Eq. (112), for twin-core couplers with power law nonlinearity, reduces to [19] 
are applied in Eq. (140) and give
Then, in order to obtain closed-form solutions, we use the transformation
so that (142) transforms to 
Integrating with respect to U l , we obtain bright soliton solution
This solution is valid for
(154) The singular solitons are given by
In the above case we put: 112), for twin-core couplers with parabolic law nonlinearity, is [19] i q
Parabolic law
(161) Balancing U l U l with U 4 l in Eq. (161), then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
(167) Solving the above system of algebraic equations, we obtain the following results:
. (169) where α 1 is an arbitrary real constant. If we set α 1 = 0 in Eq. (169) and integrating with respect to U l , we obtain bright soliton solution
They exist with
The singular solitons are
Their domain of definition is
where
(174) In the above case we put:
Dual power law
For dual power law nonlinear media, F (s) = b s 2n + c s 4n . The model Eq. (112), for twin-core couplers with dual power law nonlinearity, modifies to [19] i q
(176) To obtain the analytic solution, the transformations ζ l = ξ l = 0, (177) are applied in Eq. (176) and give
(178) Then, in order to obtain closed-form solutions, we use the transformation
l .
(179) so that (178) transforms to Eq. (180) , then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
Integrating Eq. (187) with respect to U l , we obtain bright solitons
Their existence criteria is
The singular solitons are:
These are meaningful whenever
(193) In the above case we put:
Multiple-core couplers (coupling with all neighbors)
The governing equation that describes the dynamics for multiple couplers, where the coupling action is with all the existing neighbors, is [19] i q
where 1 ≤ l ≤ N while λ lm represents the coupling coefficient with all neighbors. The assumption to be considered here is taken to be the same as given by (113). The substitution of this hypothesis into (194) yields the same soliton speed as in (114) subject to (115), which is valid for all nonlinearities and for all the considered solitons.
To this end, the real part equation now takes the form
Using the balancing principle leads to
Consequently, Eq. (195) reduces to
Kerr law
For the Kerr law nonlinearity, F (s) = b s. Eq. (194), for multiple-core couplers (coupling with nearest neighbors) with the Kerr law nonlinearity, simplifies to [19] i q
and Eq. (197) becomes
Balancing P l with P 3 l in Eq. (199), then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
(205) Solving the above system of algebraic equations, we obtain the following results:
where α 0 is an arbitrary real constant. Now, we discuss two cases as follows: Case-1: If we set α 0 = 0 in Eq. (207) and integrating with respect to P l , we recover bright soliton solutions
(208) These are valid with
The singular solitons are given by
These exist when
in Eq. (207) and integrating with respect to P l , we get dark optical solitons
or singular optical solitons of the second type
These solutions are valid for
Power law
For power law nonlinear media, F (s) = b s n . The model Eq. (194), for twin-core couplers with power law nonlinearity, becomes [19] i q
To obtain the analytic solution, the transformations ζ l = ξ l = 0, (220) are applied in Eq. (219) and give
so that (221) transforms to
Balancing U l U l with U 4 l in Eq. (223), then we get s = 4. Using the solution procedure of the trial equation method, we obtain the system of algebraic equations as follows:
(228) Solving the above system of algebraic equations, we obtain the following results:
integrating with respect to U l , we obtain bright soliton solutions
They are valid for
(233) The singular optical solitons are
(236) In the above case we put:
Parabolic law
For parabolic law nonlinear media, F (s) = b s 2 + c s 4 . The model Eq. (194), for twin-core couplers with parabolic law nonlinearity, is [19] i q
Set
where α 1 is an arbitrary real constant. If we set α 1 = 0 in Eq. (248) and integrating with respect to U l , we obtain bright solitons
The domain for existence is
The singular solitons are q(x, t) =
These exist with
where 
These are meaningful whenever a l a l κ 2 + ω > 0, and 4(n + 1) 2 c l a l κ 2 + ω + (2n + 1)b 2 l < 0. holds. In the above case we put:
(ξ − ξ 0 ).
Conclusions
This paper studied solitons in nonlinear directional couplers with optical metamaterials. The integration scheme is the trial function method. Three types of couplers are taken into consideration. They are twincore couplers, multiple core couplers where coupling was with nearest neighbors and finally multiple-core couplers where coupling was with all neighbors. Each of these type of couplers were further handled with four forms of nonlinear media. They are Kerr law, power law, parabolic law and dual-power law. Thus, bright, dark and singular soliton solutions were retrieved. It must be noted that dark solitons solutions were recoverable only for the Kerr law nonlinearity for all of the three types of couplers. Such is the limitation of this approach. The results of this paper carry a lot of scope for future studies. This scheme will be applied to other forms of nonlinear media such as anti-cubic nonlinearity. Additionally, this methodology shall be applied to other optical devices such as magneto-optic waveguides, DWDM systems, birefringent fibers, liquid crystals. Those results are awaited at this time. Moreover, the soliton solutions will be obtained in presence of several perturbation terms that are predominantly of Hamiltonian type. Therefore the readers are requested to patiently stay tuned.
